This study investigates the dynamics of the propulsion mechanism of a two-wheeled skateboard by measurements of human skateboard motion and computer simulations using a simplified model. This model expresses the board motion within the horizontal plane. The inputs of the model are the yaw moment about a vertical axis, horizontal force normal to the skateboard axis, and two-wheel orientations, while the outputs are the center of mass position in the horizontal plane and the board orientation. By selecting parameters of sinusoidal inputs to fit the measurement data, similar output data is obtained from the motion measurements and computer simulations. This result allows us to conclude that some sinusoidal motions and forces can robustly propel this type of skateboard.
Introduction
Mobility is an ability to move from one place to another and allows biological systems to enlarges their activity area. To achieve mobility, wheeled systems are occasionally utilized, which enable faster spatial movement than legged systems on a flat terrain.
Some wheels in automobiles are active, i.e., are directly driven by an engine or a motor. Although active wheels are convenient for controlling the speed, all the wheels should not be necessarily active; the active wheels require complex mechanisms for drive transmission, which not only increases the weight but also includes some parts causing mechanical troubles by wearing. More energies are required to drive many wheels. Therefore, passive wheels are partially adopted in some wheeled systems.
The rotation of the passive wheels requires some kinds of forces from the outside instead of the direct driving force of the wheel axis. A roller skate is an example of a device that consists of all passive wheels, where the propelling power is produced from the leg motion kicking the ground: the wheels under the supporting leg rotate by the propulsion of ground reaction force which the other leg generates by directly pushing the ground backward. However, the effective use of degrees of freedom (DOF) of motion of a mechanism mounted on passive-wheel systems can propel the wheeled system without kicking the ground. Skateboards [1, 2] , snakeboards [3] or other vehicles are examples of such systems [4] [5] [6] [7] . Especially, the snakeboard was studied much by Ostrowski and Burdick [8] [9] [10] , Marsden and Ostrowski [11] , Ostrowski [12] , Ostrowski et al. [13] , McIsaac and Ostrowski [14] , and was discussed much from viewpoint of dynamics reduction [15] [16] [17] , structure of dynamics [18] [19] [20] [21] [22] [23] , controllability [24] , stabilization of numerical solutions [25] or non-holonomic control [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] .
Method
In this study, we take the following steps based on both motion measurements and dynamical simulations:
(1) The two-wheeled skateboard is described using a reduced-order model in order to focus only on the propulsion inputs to the board. In this reduced-order model, the ''inputs'' are yaw moment around the center of mass (CoM) of the board, normal force (the force exerted to the CoM that is normal to the board orientation), and wheel direction. (2) To investigate what kind of input trajectory can propel the skateboard, skateboard motions are measured. This is a pilot experiment for rough estimation of the input trajectory. (3) Using data from these measurements, trajectories of the inputs (except the yaw moment) are constructed by function approximation. (4) Next, these input trajectories are applied to a computer simulation, whose dynamics are derived from a previous reduced-order model with the velocity constraints of the wheel (wheel does not slip to the wheel axis direction). (5) Then, parameters of the yaw moment are selected, so that the simulation results match the measured data well.
Using these steps, we clarify the inputs from the rider that successfully propel the skateboard in the form of time-varying trajectories. 
A reduced-order model
The two-wheeled skateboard has many DOFs: plate twist, wheel orientations, lateral balance, and wheel rotation. To simplify the motion analysis, we assume the following:
The lateral balance of the board is controlled by the rider's waist extension/flexion, independent of the propulsion, implying that this DOF can be ignored when only the propulsion motion is considered. The board can be twisted around its central axis. The weighted position of each of the rider's feet out of the central axis twists two plates each other. This twist affects the orientation of the wheels. Thus, if the wheel orientation is directly regarded as input instead of the weighted position, the twist between the plates is ignored. The alternatingly back-and-forth motion of the rider's feet on the board never produces net force parallel to the board orientation because the parallel forces are canceled each other following the action-reaction law of the force. This means that both the yaw moment and normal force are input forces from the rider.
Based on these assumptions, the board motion is expressed by a two-dimensional model, as illustrated in Fig. 2 . The motion of this model is described by a first-order, six-dimensional, differential equation with two velocity constraints (see Appendix A).
In this motion equation, the inputs to the board are the yaw moment T, the normal force to the board F N , and the wheel orientations a 1 and a 2 . To simulate the board motions, a time profile of these inputs is required. We obtain them except T by approximating measurement data of the skateboard motion, and determine T so that the measurement data and the simulation data will match well.
Motion measurement of a two-wheeled skateboard

Objective and measurement conditions
The objective of this measurement is to identify the inputs to the board: the yaw moment T, the net horizontal force F N normal to the board orientation, (which are applied around/to CoM of the board by both feet), and the wheel orientations a 1 and a 2 .
The board motion was measured by a motion-capture system as shown in Fig. 3 . This system has four high-speed cameras, which capture 640 Â 480 pixel images at 120 frames per second. A flat area of approximately 0.5 m Â 3 m was prepared as measurement space, so that all markers would always be captured by at least two cameras. To detect the board motion, three markers were attached. The first marker was attached to the center of the board, because the center of mass (CoM) of the board is located here due to the symmetrical board structure. To detect the wheel orientation, the marker should have been attached just above the joint of the two-wheel caster. However, the feet of the subject were placed at this position, so the marker was attached to two toes of the subject. A 41-year-old male subject, weighing 65 kg, was asked to propel the board from the rest state and then to maintain straight motion until the end of the measurement area for a constant period. The feet of the subject were placed at the center of the two plates, so that the markers were as close to the joint center of the wheel orientation as possible, and the line connecting the two markers was parallel to the board.
Five trials were conducted under the above conditions. These measurements were executed with permission (No. 21-127) from the ethics committee of our organization. (X wi , Y wi ) is a wheel position, a i is an orientation of the front and rear wheel, F X and F Y are respectively the force form the rider on the board in the x and y direction, F N is its normal component to the current skateboard orientation, T is a moment from the rider, F ci and F Fi is a component of the ground reaction force at the wheel in the normal and tangential to the wheel direction. Here, i = 1, 2 in which i = 1 denotes front side, and i = 2 does rear side.
Data processing and results
Let P C , P L and P R be marker positions attached to the center of the board, the left toe, and the right toe, respectively, as shown in Fig. 4 . The board direction h is obtained from the angle between the line P L P R and the goal direction.
In contrast, the board CoM position, velocity, and acceleration are automatically obtained from the motion-capture system based on P C 's captured data by numerical difference operation without filter (a band-pass filter is applied later). Multiplying the mass by its acceleration data, the force from the subject to the board F X is obtained (see Appendix B). Using the board orientation h, the normal force F N can be computed as
The wheel orientations a 1 and a 2 are approximated as those of the velocity vectors of the markers on the toes by assuming that the distance between the rotation joint and the marker is sufficiently small. Thus, the wheel orientations are computed by
Here, V L = (V Lx , V Ly ) and V R = (V Lx , V Ly ) are the velocity vector of P L and P R , respectively. The yaw moment T cannot be measured using this measurement setup. Thus, T was identified so that the simulation result computed using its dynamical model in Section 3 matches the measured trajectory of the board traveling in the goal direction.
goal l left foot right foot Fig. 4 . Input calculation. In this figure, P C , P L and P R are marker positions attached respectively to the center of the board, the left toe, and the right toe, and V L and V R are the velocity vector of the marker P L and P R , respectively. 
Results
The values of F, a 1 and a 2 , which are computed from the three markers' information, are depicted by solid lines in each graph of Fig. 5 . This is the last of the five trials, and the best data in the sense that the period variation of the data in a 1 and a 2 is small, as seen in the next section.
Input trajectory construction
Sinusoidal input approximation
In this section, we construct approximated curves of each input: the normal force and the wheel directions. The obtained curves will be utilized as the input of the computer simulation.
Because of the periodicity, sinusoidal functions are used to make approximated curves of the measurement data obtained in the previous section, because the sinusoidal functions are compatible with the frequency analysis we adopt later.
It is natural to assume that the frequencies are the same for all the inputs as an output, i.e., a periodic skateboard motion. Thus, we utilize the following functions for each input:
Here, it is assumed that F and T have the same phase shift/ F because they are originally generated from the same motions, that is, the alternating back-and-forth motions of both feet on the board with a contact that are usually a half-period out of phase.
In the above equations, unknown parameters are frequencyf , the amplitudes b F A ; b T A ;â 1A ;â 2A and the phase lagŝ / F ;/ 1 ;/ 2 .
Frequency estimation
In order to identify the frequency of the motion, spectrum analysis was performed. The frequency should be detected from the input signals because the periodic board motion is produced from such input signals. However, there is no data for the yaw moment, and the normal force is noisy because it is computed by differentiating the CoM position data. This is the reason why the data of two wheel directions was utilized.
The peak frequencies, i.e., the dominant frequency in terms of the frequency domain power plot, should be match in the front and rear wheel orientations; however, it usually fluctuated in actual measurement data. Thus, the average of two peak frequencies was selected as the peak frequency of the board motion.
Phase-shift estimation
Next, the phase shifts were identified based on cross-correlation. Each input data was initially filtered through a two-order band-pass filter, whose peak frequency was set as that detected in the previous section. This filtering prevents unrelated frequency components from correlating. Next, the filtered data were cross-correlated to the sine wave with a phase shift of zero at 0 s. The maximal point of the cross-correlation value was selected as the phase shift of the data.
Amplitude estimation
Finally, the amplitude was identified using least mean square method. This method was selected in order to minimize the squared sum of the error between the sinusoidal approximation and the measured signals. The signals to be matched were filtered once in Section 5.3, extracted from 2 s until the end. Before this period, the motions were transient, while those during this period were regarded almost steady in all the measurements.
Because an unknown parameter, amplitude, is given as a linear coefficient in the input-output relation, the pseudoinverse was applied to the estimation.
Results
The power spectrum of this data is shown in Fig. 6 . The estimated motion frequencies are listed in Table 1 along with the other parameters. The sinusoidal graphs using these parameters are depicted by dotted lines in both Figs. 5 and 7.
Currently, three input signals, two wheel orientations (4) and (5), and the normal force (6) have been obtained. The yaw moment will be estimated in the next section, based on computer simulations.
Simulation for torque estimation
The yaw moment cannot be measured in our experimental setup. Here, we estimate it using dynamical simulations of a reduced-order model, as described in Section 3.
Only one unknown parameter exists: the amplitude of the yaw moment b T A . Several parameter values were tried and then examined to determine whether the traveling distance in the goal direction matches the measurement data well, in the sense that the least mean square of the error between the measurement and simulation data is small. In fact, b T A was changed in increments of 0.1 N m.
For the simulation, a fourth-order Runge-Kutta method was applied with the step size 1/120 s. The parameters that were set based on the actual board as well as the subject are shown in Appendix C.
The optimal values in each trial are also shown in the rightmost row of Table 1 . In addition, the simulation results using input signals (6) and (5) with the parameters of the fifth trial in Table 1 are depicted in Fig. 8 . Although the simulated and measured data of the lateral deviation and the board orientation did not matched well, the traveling distance to the goal direction, which was selected for the evaluation for parameter estimation, showed similar trajectories.
These results demonstrate that the sinusoidal inputs for two-wheel orientations, normal force, and the yaw moment could propel a reduced-order model of a two-wheeled skateboard.
Discussion
The sinusoidal inputs constructed from the measurement data successfully drove the reduced-order model of the twowheeled skateboard. The trajectory of the board's traveling direction matched the measurement data well. This fact implies that if a human produces the forces by foot back-and-forth motions and steers the front and rear wheels in a sinusoidal manner, he can probably propel this board.
To investigate the robustness of this motion, parameters related to the input signals were changed one at a time in some ranges. The centered values aref
A traveling distance, i.e., the forward position over the first 5 s when starting from zero velocity, is shown in Fig. 9 . As expected, large wheel amplitude and yaw moment allow the board to travel a long distance, while the effect of the lateral force on the traveling direction is small. The traveling distance changes symmetrically with the phase difference: the changes to the traveling distance are almost the same leads and lags of the same phase. In addition, the traveling distance Table 1 Estimated parameters.f is an estimate of the skateboard motion,/1;/2 and/F is estimates of the phase lag of the front wheel motion, the rear wheel motion, and the normal force, respectively,âA1 andâA2 are estimates of the amplitude of the front and rear wheel rotation, respectively, b F A and b T A are estimates of the amplitude of the normal force and yaw moment, respectively. increases because of the phase difference of the rear wheel, while it decreases because of that of the front wheel. This indicates that the wheel should be oriented so that the yaw moment is easily produced, that is, for a positive counter-clockwise propulsion mechanism of skateboard. Anyway, independent of the deviation of several parameters, the sinusoidal inputs can propel the board, indicating the robustness of the sinusoidal propulsion with respect to the parameter variations. (a) wheel amplitude. (b) lateral force and yaw moment. The coincidence of the time-based trajectory to the goal direction implies the validity of the dynamical model of the twowheeled skateboard. However, the variation of the estimated parameters is not so small. In Table 1 , although the motion frequency is commonly 3 Hz, positive and negative values are found for the other parameters. In the first trial, where the data largely deviates from the other trials, a multipeak curve was observed (which is not shown in this paper). This fluctuation of the motion frequency enlarges the phase deviation in the sinusoidal approximation from the measured data. Consequently, a slight decline in the frequency largely affects the phase and amplitude estimation. To obtain consistent data, it is desirable that the subject is proficient in producing the precise periodic motion of the skateboard.
In addition, the final confirmation of the model validity requires the measurement of the yaw moment in order to compare the estimated value from the simulations. Our experimental setup does not provide this data. In the future, we will introduce a measurement system for the yaw moment in order to complete the modeling process.
Conclusion
Mobility based on the passive wheel has some advantages in terms of cost and safety. Skateboards are a type of mobility with passive wheels. Of the various types of skateboards, a two-wheeled skateboard was considered in this study because this type of skateboard can be driven without kicking the ground, that is, by using only body motions on the board.
In order to investigate the dynamics of the propulsion mechanism, both computer simulations and motion measurements were adopted. For the computer simulations, a reduced-order model was introduced, assuming that lateral balance is always maintained by human-waist extension/flexion, and that the wheel orientations are determined by the CoP of each foot direction twisting the board body. The inputs of this dynamical model are defined as a yaw moment, a normal force, and twowheel orientations, while the outputs are the CoM position in the horizontal plane and the board orientation. This modeling is deferent from the snakeboard in a point that the normal force to the board is taken into account.
To propel this model, the input data is obtained from the measurement of the human skateboard motion. Because of the periodicity of the motions, the input data was approximated by sinusoidal functions. Simulation results from these input trajectories produced similar output data (that is, skateboard trajectories) to the measured data. Thus, a two-wheeled skateboard can be propelled by applying force and moment in a sinusoidal manner. Although some studies on snakeboard tried sinusoidal inputs in simulations by change the frequency ratio [8, 34, 33] , this paper originally examined the phase relation between wheel orientation and yaw moment as well as the effect of a newly-introduced normal force to the forward motion, and demonstrated that phasic relations affect the traveling distance, symmetrically. Now, we have obtained a reduced-order model that can describe board propulsion well. In future, we will analytically clarify the propulsion mechanism using this reduced-order model, and then confirm it using a mechanical system, such as robots.
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Appendix A. Motion equation
A.1. Body dynamics
In a reduced-order model of a two-wheel skateboard, it is assumed that the board is symmetrical in the lateral direction, and thus, the CoM is assumed to be located at the central axis of the board. Furthermore, the center of the wheel orientation is also located at the central axis, although it is actually deviated because of the eccentricity of the wheel as well as the backward inclination of the axis for the orientation. Under these assumptions, a motion equation of this model is represented in the horizontal space as ðA:3Þ
; ðA:5Þ
: ðA:6Þ
Here, (X, Y) is the CoM position in the horizontal space, h is the board orientation, M b is the mass of the board, I b is its inertia, and F X , F Y and T are forces or moments from the human on the board. F C1 and F C2 are forces that constrain the wheel velocity, F F1 and F F2 are the viscous friction of the wheel rotation, and A C and A F comprise a matrix that is given as
ðA:8Þ
where L 1 and L 2 represent the distance between the CoM to the rotation center of the front and rear wheel orientations, respectively. a 1 and a 2 represent the wheel orientations from the center axis of the board.
A.2. Velocity constraints
The wheels move only in the tangential direction of the wheel orientation, and never in the normal direction. These conditions are described as the following equations:
ðA:12Þ
Here, v w1 and v w2 represent the speed of the front and rear wheel. (x w1 , y w1 ) and (x w2 , y w2 ) are the positions of the front and rear wheels in the measurement space (the task-coordinate frame), and are given as 
A.3. Motion equation with velocity constraints
The following equation is obtained by differentiating (A.18) with respect to time:
where
ðA:20Þ
In addition, the viscous friction is described as 
ðA:23Þ
Appendix B. Lateral force calculation
The motion equation of the board is given in (A.1). To determine F X , F Y and T from the measured data, the motion of the human is also considered in the horizontal space. Based on the law of action and reaction, its motion equations are where (X h , Y h ) is the human's CoM position in the horizontal space, h h is the orientation, M h is the mass, and I h is the inertia. Here, suppose that the CoM of the board and the human always coincide in the X direction during the motion, that is, X $ X h . Then, F X % ÀM h € X: ðB:4Þ
Thus, the force from the human in the X direction is detected from the acceleration data of the board CoM in the X direction. In this study, the normal force was actually obtained based on the relation (6). The torque from the human, on the other hand, cannot be detected, because the human on the board twists his waist to drive the board, implying that h b -h h . Therefore, the approximated method for F X detection is not applied to the torque detection.
Appendix C. Parameters in simulation
In the computer simulation discussed in this study, the following parameter values were set: 
